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Abstract 
Several aspects of the Bénard instability are approached in this work.  After having described 

the principle of the experiments by underlining the role of the two driving forces of instability, 

namely surface tension and buoyancy, we show first of all, for configurations of large horizontal 

extension, various types of convective patterns, all made of 2D pavements of convective cells 

(hexagonal, square).  The narrow similarity between these 2D patterns and the 2D polycristals 

(presence of grains, dislocations, grain boundaries) is shown. Structural order may be studied with 

the traditional tools (optical or mathematical Fourier transform, radial and angular correlation 

functions). A comparison between this (partial) disorder and mathematical models built 

independently of the physical phenomenon is established (minimal spanning tree, Aboav-Weaire, 

Lewis laws...) The agreement is surprisingly good. A study of the structural disorder can be 

presented as a function of Marangoni number until reaching spatio-temporal chaos. Dimensions of 

the attractors are calculated.. 
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INTRODUCTION 
The phenomena of surface tension are of great importance in industry and in the 

everyday life (wetting of paintings, varnishes, medicaments etc..) but also in the 

academic studies. The goal of this paper is to show that the study of a phenomenon like 

Bénard convection is not limited to thermo-convective properties but can help in a 

significant way to the comprehension of order, disorder and spacio-temporal chaos 

problems. 

Let us consider a liquid horizontal layer uniformly heated by from below and cooled 

uniformly from above. As long as the vertical temperature difference between the two 

limiting surfaces is weak, the liquid is motionless and transmits heat only by conduction. 

But beyond a certain value, known as critic, the fluid enters in convection. Two cases are 

to be considered. If the upper surface of liquid is in contact with a solid wall identical to 

that which constitutes the bottom of container, buoyancy is the only driving force of 

convection. It is the Rayleigh-Bénard (RB) convection, or instability. But if the upper 

surface is free, surface tension is the second driving force ; one speaks then about 

convection of Rayleigh-Bénard-Marangoni. The relative importance of the two driving 

forces depends on the thickness of the liquid layer: for large thicknesses the buoyancy 

dominates whereas it is the opposite for small thicnesses. In this last case the 

phenomenon is called Bénard-Marangoni (BM) onvectcion. The thickness for which the 
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two actions nearly balance depends on the physical properties of the fluid. For silicone 

oils we use in general (Pr>100) this thickness is about 2 mm. Finally when gravity is 

equal to zero (space flights) or negligible (very small thickness) the phenomenon is 

called surface-tension-driven-Bénard-convection (STDB convection).  The study we 

present here relates to BM and STDB convections. 

This paper consists of the following parts. After having described standard 

equipment and the equations for theoretical and numerical studies in the first part, a few 

ordered convective patterns will be examined. The following section is devoted to the 

structural disorder and its variation under the influence of three independent parameters : 

the température différence, the vessel sizes and shapes. The fifth part will allow us to 

highlight the identity of the structural properties of heagonal patterns found in nature as 

well as in vegetable, animal or mineral kingdoms. La last part is devoted to the study of 

spatio-temporal chaos in BM convection. 

 

BENARD-MARANGONI CONVECTION 

 
 Experimental device 

A schema of experimental device is given in Fig.1 which allows the vizualisation of 

convective pattern, free surface relief, surface temperature field as well as streamlines. 

Thermocouples, not shown in Fig. 1, allow us to measure and control the température in 

various points of the bottom and lid of the container. The actual vertical temperature 

difference (∆T) applied to the liquid layer is calculated from that between the lid and the 

bottom of the container (∆Tp) from the formula: 
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in which kl , ka , dl and da are the thermal conductivities of liquid and air, the depths of 

liquid and gas layers, respectively. Uncertainty on (∆T) is estimated at 0.05
 
°C. The 

liquid thickness is measured with a micrometer with a précision equal to 0.01 mm. The 

temperature increase (or decrease) is realized at the rate 0.5°C by hour. When the 

selected temperature is reached, it is maintained during several days or hours, if 

necessary, till the pattern reaches a statistically stationnary state. Indeed for large values 

of (ε) the pattern is not always stable, as it will be seen below but it presents mean 

caracteristics which are stable, for instance size of cells or distance between cell 

centers.The duration of observation is always quite higher, at least 50 times, than 

characteristic times of thermal (τt) and viscous (τv) diffusion processes. The convective 
pattern is observed either by shadowgraphy or by seeding aluminium flakes. The liquids 

are silicone oils. They have interesting physical properties: in particular they present a 

broad range of viscosity from an oil to the other and do not evaporate. 

Pictures of convective pattern are taken and treated owing to a software written by us to 

measure the cell numbers, their shapes (i.e. polygons with n sides, n=3-8), their surfaces, 

the mean distance between neighbouring cells, the mean distance between hexagonal 

neighbouring cells, calculated either on all the pattern or excluding cells in contact with 

vessel walls; indeed as it is seen below these cells have particular properties different 

from those of the central pattern. 

 

 

 Physical and numerical model 

We consider a horizontal liquid layer with a flat liquid interface set in a vessel with 

adiabatic vertical walls and a bottom at uniform and constant temperature. These 

hypothesis are in agreement with experimental conditions. The liquid obeys the 
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Boussinesq approximation. Introducing height quantities namely  β, γ, θ , µ, ν ,κ,  g,cp, 
representing temperature coefficients of density and surface-tension, temperature 

perturbation, liquid dynamic and kinematic viscosity, liquid thermal diffusivity, 

coefficient of gravitational acceleration, liquid specific heat, respectively and introducing 

dimensionless variables of space, time, velocity and temperature obtained by dividing the 

actual ones respectively by dl,, dl
2
/κ, κ/dl and ∆T, yields to the following dimensionless 

equations of conservation of mass, momentum and energy for an incompressible and 

Newtonian liquid respectively: 

 

        
      ∇∇∇∇.u = 0 ,                    (2) 

    1
P r

∂u
∂t

+ u.∇∇∇∇ u = -∇p +∇2
u + Ra θ ez ,          (3)

 

       

    ∂θ
∂t

+ u.∇∇∇∇ θ = ∇2θ + w ,                (4)

 
and the flow boundary conditions : 

- at all solid walls (no slippery)  

  u = 0 ,                  (5) 

- Marangoni condition at the free surface (z = 1) 

 

        
    

u.n = 0 ;
∂u
∂z

= - Ma
∂θ
∂x

;
∂v
∂z

= -Ma
∂θ
∂y

.              (6) 

 

The associated heat transfer boundary conditions are:  

- uniform and constant temperature at the heated horizontal bottom wall (z = 0),  

        θ = 0                     (7) 

 

- adiabaticity at all lateral walls      

              

   ∂θ
∂n

= 0
                 (8)

                              

- continuity of temperature and heat flux at the free surface (z = 1).

 

                            

            

   ∂θ
∂n

= - Bi θ ,

                   

(9) 

with the four non-dimensional numbers, namely the Biot number 

 

        
  

Bi =
dl

k l

ka

da
,             (10) 

the Marangoni number 

        
   

Ma =
γ dl ∆T

µ κ ,               (11) 

the Rayleigh number 

        

   
Ra =

β g d l
3 ∆T

ν κ ,              (12) 

and the Prandtl number 

        
   

P r =
ν
κ =

µ Cp

kl
,             (13) 
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On the other hand, in order to compare vessels having different shapes we also introduce 

an extra non-dimensional number, the aspect ratio defined as 

           

   
Γ =

A

dl
,                          (14)

 
where A represents the free surface area..  

The control parameter, which is distance from the threshold, is defined par 

 

 ε = (Ma – Mac)/Mac = (Ra – Rac)/Rac             (15) 

 

where Mac and Rac are the critical values of Ma and Ra numbers. 

 For more details on the model, in particular the resolution of eq (2-9) and the validation 

with experimental results the reader is requested to consult ref. [1].  

          
STRUCTURAL ORDER 

 

At the threshold convection occurs in a way perfectly organized in general. The 

liquid layer is structurated into a monolayer of regular convective hexagonal cells. Fig. 2 

shows a regular hexagonal pattern. In each cell the liquid is upwards along the cell axis 

and downwards at the edges. The streamlines have an axial symmetry in the central area 

but converge towards the cell angles in their vicinity. Fig. 4 allows us to see the flow in 

an angle at the cell scale. In the bottom of the cell one observes the opposite 

phenomenon. It can be noticed that a streamline is always in the same vertical curved 

surface. These experimental results are in perfect agreement with that provided by 

numerical analysis. At each value of Ma a wavenumber corresponds and which 

characterizes the pattern. Far from the threshold and for certain values of Ma a square 

pattern can be observed (Fig. 3). 

 
STRUCTURAL DISORDER 

 

Shapes of structure defects      

 

 

Far from the threshold structure defects appear in the pattern. They are irregular 

hexagons, pentagons and heptagons. In the following  we will indicate a polygon with (n) 

sides by the Pn symbol. The number of P5 and P7 is practically the same one, they are 

generally associated per pairs. This pair is the basic structure defect. P5 grouped in 

reasons pointing out a flower are also observed .They contain 4, 5 ou 6 « petals » i.e. 

convective cells. Associations of P5 on line similar to stems of plants are sometimes also 

observed. Finally the cells in contact with the vessel walls are in general P5, those in the 

angles of the container are often P4. Only the P5+P7 pairs and cells along the vessel 

walls are stable. "Flowers" defects are unstable, they have a time-life shorter than P5+P7 

pairs. The latters can exist during hours according to the experimental conditions. 

« Flowers » point out transition during the transformation from the local irregular 

hexagonal pattern into the pair P5+P7 and reciprocally. Figs. 4 and 5 show these various 

defects. 

 

Measurement methods of disorder 

To evaluate or measure disorder we used various formulations. The first is the 

density of disorder (dD) which compares the number of defects with the total number of 

cells (N) : 

    
cells ofnumber  total

)6(n P(n) ofnumber ≠
=Dd          (16) 

 The second, called disorder function, accounts for the distances between centers of two 

neighbouring cells (lij) in comparison with corresponding mean distance (lm) calculated 

over the whole pattern : 
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The third is the traditional orientation correlation function : 
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in which is the angle determined by the centres of i,j cells and any reference axis and 

translation 

        G(r) = ‹ ρk(r) ρk (0)›           (19) 

where ρ(r) is the local component of the Fourier transform. For more details about these 

techniques see ref [2]. 

 

To study 2D disorder the Fourier transform of BM pattern, mathematically or 

directly by an optical process, was also used. Finally we used the model of Minimal 

Spanning Tree (MST) [3]. Let us recall briefly here that with BM pattern one has a set of 

nodes, which are the cell centers, and a set of weighted edges, which are  the distances 

between any couple of neighbouring cell centers. MST is a connected graph between 

nodes satisfying three conditions : i) no closed loop – ii) all the nodes are used – iii) the 

sum of edge weights is minimum. Therefore the histogram of normalized standard 

deviation (σ)  versus normalized average edge length (m) is unique : any distribution can 

be plotted in the (m,σ) histogram and shows a quantitative deviation to the regular 

pattern. Fig. 6 shows the MST histogram : three lines start from perfect triangular or 

hexagonal, square and circular patterns and reach the point corresponding to random 

distribution. Fig. 7 shows an example of MST drawn on a BM pattern. 

 

Origins of structure defects 

Observation shows that disorder can have three origins: first it is physical i.e. it is 

due to a high (∆T) that is to say the thermal disturbance and also to inevitable 

imperfections of the experimental device as sophisticated it is. Indeed it is impossible, for 

instance, to maintain a mathematically constant temperature in time ans space at the 

vessel bottom. 

The second finds its origin in the shape of the container. Indeed any vessel wall 

imposes a direction to the hexagonal pattern. All experiements without exception, as well 

as the numerical simulations show that the common cell-side between two adjacent cells 

lying along a lateral wall is roughly perpendicular to it. The reason for that is not clearly 

elucidated [4]. Chen [5] suggested an explanation to the fact that convective rolls tend to 

bend normally toward the sidewall in Rayleigh-Bénard convection. This conclusion is 

certainly also valid for sides of hexagonal cells along the vessel walls in BM convection. 

Consequently each side wall tends to impose its own hexagonal network and it can result 

from it a conflict between two patterns. This competition can be solved only by existence 

of defects. It results from it that certain containers are geometrically compatible and the 

others are incompatible ones with a hexagonal network. The first are the hexagonal and 

triangular containers, the seconds are the square, the rectangle, the pentagon vessels. The 

circular vessel which is very often used by researchers has a special role due to its axial 

symmetry. Let us notice that Bénard, since 1901, made its observations in the center of 

the container to eliminate the influence from the edges [6]. 

The third origin of the disorder results from the container size. Indeed the cellular 

convection in the bulk of the pattern tends to set in at the same time in the whole fluid 

layer as a rather regular tiling of the plane, provided the vessel can contain several core 

cells. Experiments with small (ε),showed that no defect appears in a hexagonal container 
when its size is a whole number of times the wavelength corresponding to this (ε). If 
these conditions are not satisfied defects of structure necessarily appear. 
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Typical results 

Figs. 8-10 clearly show the disorder increasing with ε in a large vessel (Γ = 82.3). 
Figs. 11,12 show that disorder increases from hexagonal vessel (compatible vessel) to 

square vessel (uncompatible vessel); the circular one is intermediate due to its axial 

symmetry. 

In addition we carried out a certain number of experiments in a hexagonal container 

(Γ = 65) by successively imposing two hexagonal patterns (λ1=3.7 and λ2=4.3), a square 

pattern (λ3=4.2) and a triangular pattern (λ4=4.0) thanks to the thermal marking technique 

[7]. This technique one makes it possible to impose a given pattern and then to let it 

relaxes towards a final state. The time evolutions of these four patterns are shown in 

MST diagram (m,σ)  of Fig. 13. Cells in contact with vessel walls are not taken into 
account. It can be seen that  at experiment beginnings the four patterns are located close 

to axis (m), moreover the two hexagonal patterns and the square pattern  are on the lines 

joining the corresponding perfect pattern and the random distribution. The square pattern 

is also close to the axis (m) away from the other three. These four  patterns evolve with 

different speeds, not visible on the diagram. As expected the triangular pattern is 

destroyed most quickly. It is worthy to note thar the four patterns evolve towards the 

same final stable state. This convergence shows well the unicity of the solution, 

characterized by couple (m,σ) and the mean wave length (λ). 
 
Topology of patterns 

The 2D hexagonal patterns are very widespread in nature. Initially we underline 

the obvious analogy with the 2D hexagonal crystals; a pair P5+P7 is the node of a 

dislocation. One also finds some in chemistry (Belousov-Zhabotinsky réaction), in 

mineral kingdom (basalts as the famous Giant Causeway in Ireland, bottoms of dryed 

lakes…), in animal kingdom (cells of the retina of a fly, mottled skins, lizard skins…) 

and its works (honeycomb, egg deposit of certain insects...) and also in the vegetable 

kingdom (cells in a cucumber, corn ears, daisy…). All these patterns have narrow 

similarities: they consist of more or less irregular hexagons and pairs P5+P7. Everywhere 

a P5+P7 pair constitutes the node of a dislocation. Figs.15-17 show some typical 

examples. Fig. 14 shows a regular hexagonal pattern made of butterfly eggs. Fig. 16 

shows the diatomea skeleton pattern built in a triangular limit and Fig. 17 shows the well 

known honeycomb. Moreover these three patterns exhibit with BM pattern the same 

property : the common cell-side between two adjacent cells lying along a lateral wall is 

roughly perpendicular to it. Figs. 15,16 clearly verify the classification between 

compatible and uncompatible containers. It is is interesting to compare some topological 

properties of various hexagonal patterns. For instance, in Fig. 17, we compare the 

distribution of  the number of Pn, (P(n)), versus (n) for BM convection (with and without 

peripheral cells), two dimensional hard disk tesselation, Ising model and cucumber. In 

the same way, BM patterns (with and without peripheral cells), air table packings, 

cucumber, 2D hard disk tesselation, Ising model and the maximum entropy principle 

have the same variance (µ2=<n
2
>-<n>

2
) versus (P(6)) in Fig. 18 The same patterns obey 

the viriel equation of state (Fig. 19) and also Aboav-Weaire and Lewis laws [8]. 

The relative distance to the infinite layer threshold in the STDB convection is defined by: 

            δ = (Ma – Mac0)/  Mac0                                        (20) 

where  Mac0 = 79.6 is the critical value of Ma in the STDB convection for an infinite 

layer. 

In Figs.20,21 we showed δ as a function of the aspect ratio (Γ) for circular and square 
vessels respectively. The square or circles on both dashed lines represent the threshold 

for each Γ. It is observed that δ decreases when (Γ)  increases.  Beyond  Γ > 22, (δ)  is 
negligeable: the vessel size has no influence on the threshold value. It is observed that 

(Ma) of the second bifurcation are scattered for square vessels whereas they have almost 
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the same (δ) when Γ>5 for hexagonal vessels. In the same way the hexagonal pattern 

appears as soon as Γ= 6.6 in the shape of a single cell in the hexagonal containers (i.e. 
cumpatible) whereas in square vessels (uncompatible) it is necessary to await Γ = 22 to 
observe a pattern made up of polygons. This pattern contains many defects : 6 P5, 4 P7 

and 16 regular or irregular P6, dD is 38%. 

 

SPATIO-TEMPORAL CHAOS  

 
Experimental 
A vertical laser beam is reflected at first from the liquid-air interface (s) then the 

transmitted beam crosses the fluid layer, perpendicularly to the horizontal (x, y) plane, 

and is reflected from the bottom of the container (vs). The deflection (vs) is due to both 

the bulk and the interface deformation, whereas the deflection (s) is due only to the 

interface deformation [9].The analysis of the two beams allows knowing the importance 

of the interfacial dynamic regime compared to what occurs in both the oil layer and at its 

interface. For this study the apparatus has been modified. The lid has been taken off and 

a small box (0.15x0.15x0.15 m
3
), made of acrylic glass, with optical windows has been 

used to enclose the experimental set-up. Experiments in a small hexagonal vessel (Γ = 
2.2 with d = 1 cm,  and Γ = 2.8 with d = 0.8 cm ) for a large extent of the Marangoni 

number (from 148 to 3,636) have been carried out. During the experiments, two laser 

spots (vs) and (s) are observed on the screen (S) which is not shown in Fig.1. The 

displacements of the two spots are measured and recorded by a CCD camera and a 

computer. We developed a software giving both the magnitude and the direction of the 

deflection. We can obtain for each signal: 1/ its Fourier spectrum, 2/ the  auto-correlation 

function, 3/ the corresponding attractor, 4/ and its correlation dimension. The softwares 

we wrote to calculate the Fourier spectrum and the correlation dimension were validated 

by comparison with well known results. For the first one mono-, bi- and tri-periodic 

functions were generated. The obtained spectra displayed the frequencies imposed when 

the time series were constructed. For the second we used mono periodic and bi-periodic 

functions and we calculated the dimensions of the Hénon’s and Coullet -Feigenbaum’s 

model attractors. For each case the agreement was very good.  

 

Transition to temporal chaos 

We show an example of a sequence of transitions between dynamic regimes leading 

to chaos, below. Experiments are performed with Pr = 440 and Γ = 2.2. For Ma = 222 

we observed the first bifurcation above the threshold. It leads to a mono-periodic regime. 

Fig. 22 shows a spectrum of the (vs) signal with one peak at the frequency f1 = 0.7 Hz 

and its harmonic. By increasing Ma to 370, a second peak is observed at the frequency f2 

= 1.1 Hz (Fig. 23), which corresponds to a bi-periodic state. All the other peaks are linear 

combinations of the two fundamental frequencies f1 and f2 . A new increase of Ma to 543, 

leads to a chaotic state, which is characterized by a continuous spectrum without any 

peaks (Fig. 24) and an auto-correlation function which vanishes for a long period of time 

(Fig. 25). Such transition to temporal chaos, via the quasi-periodicity, has also been 

observed in the RB instability. [10,11]. 

 

Dimensions of the strange attractors   

In Fig. 26  the attractor dimensions of the (vs) and (s) signals are plotted as functions 

of (Ma) for various Pr and Γ. The (vs) dimensions are larger than those of (s).It can also 

be seen, in Fig. 27, that chaos develops with (Ma) and that the (s) dimension increases 

linearly with (Ma), whereas the variation of the (vs) dimension, for fixed values of Pr and 

Γ, is composed of two parts; at first, it increases rapidly then the increase is slower. From 

the analysis of results it can be concluded that for Pr2 = 160 and Ma < 1,581, the chaos 

is temporal and (D) is around 5 for the (s) signal and slightly higher than 6 for (vs). For 
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Pr1 = 440, the chaos is spatio-temporal for Ma > 740 and the dimension (D) is around 8 

for the signal (vs) and varies from 5 to 6 for the signal (s).The calculated attractor 

dimensions (from 3.5 to 8.5) for the BM instability are larger than those found for the RB 

instability in similar confined geometries [12] but they are close to those found by Sato et 

al. [13] (6.5 or 9)  in a quasi-one-dimensional RB system (Γx = 15 and  Γy = 1). The BM 

dimensions are also of the same order as those calculated in an electro-convection system 

(Γ= 5.1) [14]. The difference between the values of the dimensions obtained in this work 

compared to those of confined RB convection (aspect ratios of the same order) can be 

attributed to the fact that in our experiments, in addition to the buoyancy effects, as in 

RB convection, surface tension effects are also involved. So, it is obvious that in the BM 

convection, the number of independent variables to specify has to be larger than in the 

RB instability (the dimension of an attractor being linked to the number of independent 

variables to specify a system state at any given time). 

 

CONCLUSION 
The BM convection is a tool of choice to study not only thermo-convection but also 

to study problems of order, disorder and chaos. Thanks to the broad range of Pr and Ma 

variations, one can pass from the perfect order to chaos during the same experiment. 

Moreover this study made possible to show the quasi unicity of the hexagonal patterns. It 

also showed that the dimension of spatio-temporal chaos attractors are larger than in the 

convection of Rayleigh-Bénard. 
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Fig. 1- Schematic of the experimental 

set-up.  
(1)silicone oil layer, (2) gas layer, (3) sapphire 

window,(4) lower plate made of copper, (5) 

graphite plate (6) Peltier element, (7) sidewalls 

madeof polycarbonate, (8) interferometer or                                                                                  

camera, (9) mirror, (10) light source or thermo- 

graphy camera.                                                                                                                                                

 

                                
     Fig. 2 – Regular hexagonal pattern      Fig. 3 – Streamlines in the cell angle  

                (seeding of aluminium flakes)                    of the free surface  

 

                      
      Fig. 4 – Unstable structure defects    Fig. 5 - Stable structure defects      

      « flow  ers » with 4, 5 or 6 cells (“petals”).       Pairs (P5 + P7), grains and grain boundaries 
                                                                                                                           

 

 

(1) (3) 

(7) 
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Fig. 6 – Minimal Spanning Tree histogram Fig. 7 – Example of 

Minimal Spanning Tree 

drawn on a disorderd BM 

pattern   
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   Fig . 8 – Density of disorder in a large aspect  

    ratio circular vessel as a function of εεεε 

dD (%) 

Fig. 10 – Orientation correlation function   

Hexagonal vessel  ΓΓΓΓ=82,3 ;a) εεεε=0,05 ; b) εεεε =1.02 

Fig. 9 –Translation correlation function  

Hexagonal vessel  ΓΓΓΓ=82,3 ; a) εεεε=0,05 ; b) εεεε =1.02 
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Fig. 13 – Relaxation of various regular imposed patterns  

towards the same final hexagonal pattern. 

 

 

    
   Fig. 14 – Deposit of butterfly eggs   

                    Fig. 15 – Fossil diatomea squeleton  

 

 

 

 

 

Fig. 11 – Orientation correlation function for 

various vessels  

 (ε = 0.05  a) Hexagonal ; b) circular ; c) square 

Fig. 12 – Translation correlation function for 

various vessels   

(εεεε=0,05) ; a) Hexagonal ; b) circular ; c) square 
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                 Fig.  16 – Honeycomb with pairs (P5+P7)                                   

         

     
Fig. 19 - Variance µµµµ2=<n

2
>-<n>

2
 versus P(6) for BM p 

atterns (with and without peripheral cells), air  
 

 

 

         
 

Fig. 17 – Distribution of Pn, P(n) versus the 

number n of cell sides for BM pattern, cucumber, 

2D hard disk tesselation and Ising model 

Fig.  19 - Viriel equation of state: µµµµ2/P(6) as a 

function of 1/P(6) – 1, for BM patterns (with and 

without peripheral cells) and other experiments 

 

 

Fig. 20 – Influence of hexagonal vessel aspect 

 ratio (ΓΓΓΓ) on pattern of second bifurcation 

 

Fig. 18 - Variance µµµµ2=<n
2
>-<n>

2
 versus P(6) 

for BM patterns (with and without 

peripheral cells), air table packings, Ising 

model, cucumber, maximum entropy 

principle, 2D hard disk tesselation 
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Fig. 21 – Influence of square vessel aspect  

   ratio (ΓΓΓΓ) on pattern of second bifurcation 

     
                                                                                                                                                                                         

                                                                                                                                                                                         

 

                                                                                                                                               

                                                             
 

 

 
 

Fig. 22 – Fourier spectrum of the (vs) signal. Mono-

periodic regime. The fundamental frequency f1 = 0.7 

Hz and its harmonic. 

Ma = 222 – Pr = 440 – ΓΓΓΓ = 2.2 

 Fig. 23 - Fourier spectrum of the (vs) signal. 

Bi-periodic regime f1 = 0.7 Hz, f2 = 1.1 Hz 

 Ma = 370 – Pr = 440 – ΓΓΓΓ = 2.2                                                                            
   Fig 25 - Fourier spectrum of the (vs) signalMa = 

543 – Pr = 440 – ΓΓΓΓ = 2.2                          
 

  

  Fig 24 - Fourier spectrum of the (vs) signal. 

  Chaotic regime. 

  Ma = 543 – Pr = 440 – ΓΓΓΓ = 2.2                          
 

                          

        Fig. 25 – Auto-correlation function  

        of the (vs) signal. Chaotic regime. 

        Ma = 543 – Pr = 440 – ΓΓΓΓ = 2.2                         
 

         Fig. 26 – Attractor dimensions (D) of the (s)  

and (vs) signals as functions of Ma for various Pr and ΓΓΓΓ 
Pr=440; ΓΓΓΓ =2.2; x : s -    :vs ;   :ΓΓΓΓ =2.8,vs 
Pr=160; ΓΓΓΓ =2.2;   : s -   :vs          
 

 

 
 

 


